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1. INTR~D~JCTION 
The object of this paper is to present extensions of an existence theorem 
of Browder-Hartman-Stampacchia variational inequalities [ 8, 141 to 
multi-valued monotone operators. Surjectivity for multi-valued monotone 
operators and properties of solution sets are discussed. 
2. GENERALIZED BROWDER-HARTMAN-STAMPACCHIA 
VARIATIONAL INEQUALITIES 
To state our theorems, we first recall some definitions. Let X, Y be 
topological spaces. Let 2’ be the set of all non-empty subsets of Y. As 
usual, a multi-valued mapf: X-r 2’ is called upper semi-continuous on X if 
for every x0 E X and any open set V in Y containingf(x,,), there is an open 
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neighborhood U of x0 in X such that f(x) c V for all x E U. If E is a 
Banach space, we shall denote by E’ the dual space of E (i.e., the vector 
space of all continuous linear functionals on E). The pairing between E 
and E is denoted by ( ‘, . ). Let X be an arbitrary non-empty subset of E; a 
multi-valued map T: X+ 2E’ is called monotone on X [9, p. 793 if for any 
x,y~X, u~f(x), and w~f(y), Re(w-u,y-x)20. 
THEOREM 1. Let E be a ref7exive Banach space equipped with norm I(. 11 
and let X be a non-empty closed convex subset of E. Suppose that T X -+ 2E’ 
is a multi-valued monotone map such that each T(x) is a weakly compact 
subset of E’ and T is upper semi-continuous from line segments in X to the 
weak topology of E’. Assume there exists x0 E X such that 
lim inf Re(w,y-x,)>O. (1) II .v II + co w E 7-t v1 y E x 
Then there exists j E X such that 
sup inf Re(w,j-x)<O. 
XE ,y W’E W) 
(2) 
If, in addition, T(y) is also convex, then there exists 1-6 E T(j) such that 
Re(O,j-x)<O forall.xEX. (3) 
In the case when T is single-valued Theorem 1 reduces to a somewhat 
general form of Browder-Hartman-Stampacchia’s theorem. In the case 
when X is a cone in a real reflexive Banach space E, (3) is equivalent to 
(G,j)=O and PC is in the dual cone of X. 
In the case when $ is an interior point of X, inequality (3) actually reduces 
to the equality 
($x)=0 for all x E X, 
so that 6 = 0 and therefore 0 E r(j). 
THEOREM 2. Let E be a reflexive Banach space equipped with norm (1. I( 
and let X be a non-empty closed convex subset of E. Suppose that T X + 2E 
is a multi-valued monotone map such that each T(x) is a weakly compact 
convex subset of E’ and T is upper semi-continuous from line segments in X 
to the weak topology of E’. Assume there exists x0 E X such that 
lim inf Re(w,y-x,)/J(y(l = co. 
llYll - 5 U’E TV) .“C x 
(4) 
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Then for each given wO E E’, there exist y E X and G E T(j) such that 
Re(B-w,,j-x)<O forallxEX. (5) 
In the case when T is single-valued, Theorem 2 reduces to 
Browder-Hartman-Stampacchia’s theorem. 
3. PROOF OF GENERALIZED THEOREMS 
The following well-known generalization [ 111 (see also [ 131) of the 
classical Knaster-Kuratowski-Mazurkiewicz theorem [IS] plays a crucial 
role in the proof of our theorems. 
THEOREM (Ky Fan). In a Hausdorff topological vector space, let Y be a 
convex set and @ # XC Y. For each x E X, let F(x) be a closed subset of Y 
such that the convex hull of every finite subset {x,, x2, . . . . x,} of X is 
contained in the corresponding union Uy=, F(x,). Zf there is a point X~E X 
such that F(x,) is compact, then nxsX F(x) # 0. 
We need the following Kneser’s minimax theorem [ 161 (see also Aubin 
Cl, PP. 4Wll). 
THEOREM (Kneser). Let X be a non-empty convex set in a vector space 
and let Y be a non-empty compact convex subset of a Hausdorff topological 
vector space. Suppose that f is a real-valued function on Xx Y such that for 
each fixed x E X, f (x, y) is lower semi-continuous and convex on Y, and for 
each fixed y E Y, f (x, y) is concave on X. Then 
We also need the following two lemmas. Lemma 1 is used to prove 
Lemma 2. Lemma 2 is a generalization of Minty’s lemma [ 171 to multi- 
valued operators. 
LEMMA 1. Let X be a non-empty convex subset of a Banach space E with 
norm II .jI, let T: X -+ 2r be a multi-valued map such that each T(x) is a 
weak* compact subset of E’, and let T be upper semi-continuous from line 
segments in X to the weak* topology of E’. Then for each x E X, the intersec- 
tion of the set 
with any line segment in X is closed. 
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Proof: For jl, j1 E X, let [p,, jz] denote the line segment 
{tjl+(l-f)y~:tEIO, l]}. 
Let (y,) be a sequence in A n [qr, JJ such that yn + y, E [y,, j2]. For 
each n = 1, 2, . . . . by weak* compactness of T(y,), there exists w, E T(y,) 
such that 
As T 1 [jr, j2] is upper semi-continuous, [yr, y,] is compact and each 
T(y) is weak* compact, UyECy,,y21 T(y) is also weak* compact. By weak* 
compactness of UY. cy,,j23 T(y), there exists a subnet (wJ of (w,) such that 
w, + w. (in weak* topology) for some w. E U,, cy,,y2, T(y). By upper semi- 
continuity of T, w. E T(y,). Observe that (w, - wo, yo- x) + 0 since 
w, + w. (in weak* topology), and 
I(W,,Y,-Yo)l G IIWAI IYbl-Yell -,o 
by uniform boundedness principle. Therefore 
(~,,Y~-x)-(~o,Yo-x)=(~~-~o,Yo-~)+(~,~Y,-Yo)~o~ 
so that 
Re(w,,y,-x)=limRe(w,,y,-x)<O. 
OL 
This proves Lemma 1. 1 
LEMMA 2. Let X be a non-empty convex subset of a Banach space E, let 
T: X + 2F be a multi-valued map such that each T(x) is a weak* compact 
subset of E’, and let T be upper semi-continuous from line segments in X to 
the weak* topology of E’. Then for 9 E X, the inequality 
sup Re(u,F-x) 60 foraNxEX (6) 
UE T(x) 
implies that 
inf Re(w,g-x)<O forallxEX. 
WE T(P) (7) 
Proof: Let x E X be arbitrarily fixed. Let x, = (1 - t) 9 + tx for t E [0, 11; 
then x, E X for all t E [0, 1 ] since X is convex. Thus p - x, = t(i - x), so 
that by (6), we have 
t. sup Re(u,p-x)= sup Re(u,p-x,)<O for all t E [0, 11, 
u E T(x,) “E Rx,) 
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and hence 
sup Re(u,j-x)<O for all t E (0, 11. 
u E T(X,) 
Now suppose inf,, rCgj Re(w,j-x)>O. By Lemma 1, 
(8) 
is open in [x, j] and contains 9; thus x, + 5 as t + 0 + implies that there 
exists t, E (0, 1 ] such that x, E U for all t E (0, to), so that 
Again, since 1 - t > 0, inf,, TCs,j Re(u, j-x) >O for all te (0, to), which 
contradicts (8). This proves inequality (7). i 
Proof of Theorem 1. For each x E X, let 
F(x)={y~X:~rr~,)Re(w,y-x)<O} , 
and 
G(x)= {VEX: sup Re(u,y-x)<O}. 
u E T(x) 
For the sake of clarity, the proof of inequality (2) is divided into five 
short steps: 
Step 1. The convex hull of every finite subset (x1, x2, . . . . x,} of X is 
contained in the corresponding union U;= 1 F(xi). 
Let jJ be in the convex hull of (x1, x2, . . . . x,}; then j =x1=, &xi for 
some &a0 (1 <Ian) with x:%1 &= 1. If j.$U;= F(xi), then 
But 
inf Re(w,j-xj)>O,for each i= 1,2, . . . . n. 
II’ E T( .c )
= inf (2, Re(w,j--x,) + 
WE T(j) 
21, inf Re(w,j-x1)+ 
WE 7x.9) 
which is a contradiction. 
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Step 2. F(x) c G(x) for each x E X. 
Since T is monotone, for each x, YE X we have 
inf Re(w,y-x)2 sup Re(u,y-x), WE T(Y) “E r(x) 
so that F(x) c G(x) for each x E .Y. 
Step 3. fLdW= nxdW. 
By Step 2, &,,J’(x)c nxox G(x). The inclusion nXEXG(x)c 
n,, X F(x) follows from Lemma 2. 
Step 4. F(x,)“’ is a weakly compact subset of X, where F(x,)‘+ denotes 
the weak closure of F(x,). 
By coercive condition (l), there exists a sufficiently large R > 0 such that 
inf Re(w,y-x,)>O 
WE T(Y) 
for all y E X with 11 y/J > R. (9) 
Take K= { y E X: II y/I < R}; then K is a weakly compact subset of X since E 
is reflexive and X is closed convex in E. It follows from (9) that for 
each ye X\K, y @F’(x,); thus F(x,) c K and therefore F(x,)“’ is a weakly 
compact subset of X 
Step 5. There exists j E X such that 
sup inf Re(w,p-x)<OO. 
xex WE T(j) 
By Steps 1 and 4, Fan’s theorem implies that nxsX F(x)~ # 0. As each 
G(x) is weakly closed in X, F(x)“’ c G(x) for all XEX and therefore 
n XE X G(x) # 0. By Step 3, we also have nXCX F(x) # 0, and hence there 
exists 9 E X such that 
sup inf Re(w,p-x)<O. 
.KEXWET(j) 
This completes the proof of inequality (2). 
If, in addition, T(p) is convex, by Kneser’s minimax theorem, we have 
inf supRe(w,p-x)=sup inf Re(w,p-x). 
WE T(j) XEX XEX weT(j) 
Since T(p) is weakly compact, there exists $ E T(p) such that 
supRe($,$-x)<O 
xsx 
by inequality (2). This completes the proof of Theorem 1. B 
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Proof of Theorem 2. Let w0 E E’ be given. By coercive condition (4) 
lim ( inf Ww-w,, .v-~,,>)/ll.~ll) 
llY;lE~x~ WE T(Y) 
Define T*:X-+2F by T*(y)=T(y)-w, for all VEX. Then T* is 
monotone, upper semi-continuous from line segments in X to the weak 
topology of E’ such that 
lim ( inf (Re(w,y-xx,)/llyll)= co. 
IlYll -+ m WE T*(Y) 
YEX 
Therefore, by Theorem 1, there exist jj E X and WE T*(y) such that 
Re(%,,j-x)<O for all x E X; 
but then there exists $ E T(y) such that r? = $ - wO, so that inequality (5) 
follows. This proves Theorem 2. 1 
The connection between the well-known infinite-dimensional 
generalization [ 111 of the classical Knaster-Kuratowski-Mazurkiewicz 
theorem and variational inequalities was pointed out by Fan [12, p. 1041 
and was further extensively studied by B&is et al. [3], Dugundji and 
Granas [lo], Mosco [19], and Baiocchi and Capelo [2]. 
4. SURJECTIVITY AND SOLUTION SET 
We begin- with a definition. Let X be a non-empty subset of a Banach 
space E; then T: X + 2E is maximal monotone [9, p. 191 if T is monotone 
and if T*: X-S 2c’ is monotone such that T(x) c T*(x) for all x E X, then 
T= T*. 
LEMMA 3. Let E be a Banach space, let T: E -+ 2E’ be a multi-valued 
monotone map such that each T(x) is a weak* compact convex subset of E’, 
and let T be upper semi-continuous from line segments in E to the weak* 
topology of E’. Then T is maximal monotone. 
Proof Let T*: E + 2E be monotone such that T(y)c T*(y) for all 
YE E. Let y,,~ E be arbitrarily fixed and let WOE T*( y,). Since T* is 
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monotone, for each XEE and for each u~T*(x), Re(u-w,,y,-x)60. 
It follows that 
sup Re(u-w,,y,--x)60 for all x E E. 
UE T(x) 
By Lemma 2, sup, E E mf, E T(YO) Re(w-w,,y,-x)<O. By Kneser’s 
minimax theorem, 
inf supRe(w-w,,y,-x)<O. 
WE T(yo) xc/z 
Since T(y,) is weak* compact, there exists ti E T(y,) such that 
supRe(R-w,, y,-x)60, 
XtZE 
and hence w0 = 14 E T(y,). Since y, E E and w0 E T*(y,) are arbitrary, we 
conclude that T- T*. This completes the proof. 1 
THEOREM 3. Let E be a reflexive Eunuch space with norm II.II, let 
T: E * 2E’ be a multi-valued monotone map such that each T(x) is a weakly 
compact convex subset of E’, and let T be upper semi-continuous from line 
segments in E to the weak topology of E’. Assume there exists x,, E E such 
that 
lim ( inf (Re(w,y-xo))lllyll))=~. IIJ’II + OJ WE T(Y) (10) 
Then T is surjective, and for each w0 E E’, the solution set S(w,) = 
{ y E E: w,, E T(y)} is (non-empty) bounded closed and convex. 
Proof: Surjectivity of T follows from Theorem 2. Let w. E E’ be given. 
Suppose S(w,) were unbounded, then there exists a sequence (y,) in E 
such that (1 y,ll + co as n + co and w. E T(y,) for all n = 1, 2, . . . . It follows 
that 
lim ( inf W(w,y-xo)Yllyll)) 
IIYII -a, WE T(Y) 
= lim ( inf (Re(w,y,-~~))lIly,II)) n-m wsT(yJ 
< ih Wwo, Y,-~~>MIY,II d IIwoII < ~0, “--too 
contradicting the coercive condition (10). Hence S(w,) is bounded. We 
now show that S(w,) is closed convex by establishing 
S(w,)= n {zEE:Re(w,-v,z-y)>O}=B. 
UE T(Y) 
(11) 
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As T is monotone, S( IV,,) c B. Fix any z E B; then Re( w0 - u, z - y ) > 0 for 
all yEE an for all UE T(y). Define T*: E+Z” by 
i 
T(Y) 
T*b)= T(z)u {wo) 
if GEE with y#z 
if y = z. 
Then T* is also monotone and T(y) c T*(y) for all y E E. By Lemma 3, T 
is maximal monotone; thus T* = T. Therefore w0 E T(z), so that z E S(w,). 
This proves (11). Since each set {z E E: Re( w0 - u, z - y) > 0} is closed 
convex, S(w,) is also closed convex. This completes the proof. 1 
If T is single-valued, Theorem 3 was proved by Browder [4] and Minty 
[IS] and applied to nonlinear elliptic boundary value problems by 
Browder [ 5-71. 
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